







































































































18.453 Lecture 2

play Bipartite matchings

Konig's theorem
vertex covers

smin Augmenting paths
break 00 algorithm

Hall's theorem



Bipartitematching
Recall from Tues Graph

G y
E

verticesledges

More terms

friedIfe ads c E say e incident to acb.is ofaecdSlfnf

or an endpoint of e c
to

brparmion

Def Bipartite
G bipartite if V has partitionAID

sit all edges between A
B

Et
d
f

Fact
B

A Eshiffortided

cycles



Def Matching

Recall matching cellection ME E

of disjoint edges

Say V exposed no edge in M incident toe

M perfect if no exposed vertices

M in blueEI
Exposed red

Matchings
useful

ProblemI i.ca iyperectmathiug
find matching

M of maximum size



f
Problen r2 minimumweightperfect

Matching Given costs Cig
for alledges e E

find a perfectmatching of minimum
cost where

cost c M
j mcij

Today we look at problem
1

Konigstheo rem

Before building algorithms
how's

one certify that a matching is optimal

largestpossible

Use obstruction to larger matching

Dualityagain

Eef Vertue
Set C of vertices is



of
a vertex for

G if every

edge ee E is
incident to some e e C

1,3 formvertex
EI l a corn

3

2

4 do not

Y

Claim weak duality
any vertex

1 any matchingMkt cover C

why C contains at least

one endpoint of every edge

in M but edges in M disjoint



M
1matchiyf ed

vertex covers are only
obstructions for bipartite

Matchingstruality
theorem Kini g 1931

For any bipartite graph



Max matching min Ivertex cover

Min Max

we'll prove this algorithmically

Augmentingpathstgorithm
outputs matchigM cover C with

1Mt let
by weak duality IM'te ki

theymust be maymin respectively

Note greedyalgorithm



won't work

P O

N

Def AHernahiypat
hw.r.t.tn

A path
in Cr that alternates b w

edges in M and E M

Def Augmentingpathw.r.tn
An alternating path whose

first

last vertices are exposed



alternating alternating
M

20 07 20 0

30 08 30 08

20 07

augmenting so so

de

Einer



Interests let Pang path

1 If P has k edges in M has

has Ktl edges not in M

z P's endpoints are
on opposite sides

parity

3 switch edgesin P replace M by
AOB symmetricdifference µ Mop

to obtain matching art with one more

edge

20 07

0

3 4



Equiv replaceedges
in Pnm by edges in PIM

Say we have augmeuted P

tathigh maximum

there are no augmenting

paths w r t M

Proof By contradiction
we alreadyshowed

if there is augmenting

path then exists bigger

matching

Assume M not

maximum Then let M
be maximum so MH 1Mt



Let Q Mom't
H MMU Mt M

m
I

mix

0 O O O O

Q
Then

Q has more edges from

Mt than M

IM 1 1MrMH
t IM Ml

lait IMAMH t 1min41



Every vertex V E G

adjacent to E 1 EDGE

in Mn Q El in M A Q

b c M M matchings

vertex disjoint

Q partitioned into paths

cycles that alternate

between M M't
everyvertex in Q

has devalor

Q decomp
into paths cycles

paths cycles
goalternate

qq.LT



must be path in Q
with more edges from

M than from M

b c cycles
are evenly

split and

But this path is

augments
Contradiction I

O O O O O



A

augmenting path for M

Atg Augmenting paths
Begin with anymatchingM

Find augmenting path PwrtM

augment M along P

Stopwhen no more augmentspaths

EI

Done

3 4



Terminates after El Ml E 1 augmentations

BUTHOWTOFIND THEPATHS

Reduces to finding path in a directed

graph
c

B
A r

F

I

that'asugnotentis



Direct e A J B i f e c M B 5A else

Augmenting path is precisely a directed

pajsmmIRfwht
suggests to use depth firstsearch

DFS

Sub forAugpalhs
directgraph as above

attach vertex s to

exposed vertices in A

To do DFS until hit exposed

vertex in B
so

Trace back path



Takes OG El time to find

augmenting path in G
timed

repeat times

Thuscomplexityist
possible toget 0 rum Hopcroft

v
KarpFullEl

Vertexes
If no augmenting path

wrt M

ang path
subroutine outputs

a 1 How



Let L be set of vertices reachable

by directed path from exposed vert
in A

r L s

A t B



Claim When the algorithm

terminates E AL LIU BAL

is a vertex cover ICH Inf't1
matching
returnedbyalay

M't
r L s



iiiii i ii

Proofof claim First show C

is cover Assume not

Thenexists e Ca b c E with
a e AAL b c B L

ii

0



e AM 1 if e EM them a

is not exposed

2 if e EM
thereis only B SA edge to a

a not reachable

contradicts at L
E is
cover

Thus b reachable y
contradicts both D

Now to prove IMM I
I

Enough to show ICHEIN't
verts edges

weak duality 1m44cm
To prove observe



No vertex in A L exposed

or elsewould be reachable i.e.int

No vertex in BA L exposed
else algorithm wouldn'thaveterminated

No edge of M b w acA L be BAL

E
no
edgesofM tiptoed

f ur

I

A

Conclude every vertex in matched

and no edgeof M fullywithin E
hence ICH Elm I I



What about general graphs
Still have weak duality
but not strong duality

NeedTuH
iom

led we'll discuss later



Hallstrom
Hall's theorem is another

duality characterization of
the existenceof a perfect matching

Def neighborhood
NCS of

a set S is b s t 3 a c S w l

Ca b e E



THICHAIDBipartite.GL
with bipartition A B has

perfectmatching
E

V SEA.IN lsl

Clearly ING 131st necessary

Ef

Citrmchitecting then Incan 7 Isl



b

i.e INCSK 1st obstructs p.m
s

weak duality Hall says

strong duality here
also

Hall's follows from
Konig's
Theorem

crelates.ncsltovertexc.ve

See exercises in source

I 9 is to prove
Hall's theorem

from Konig's
theorem


